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Abstract 

A financial market is called "diverse" if no single stock is ever allowed to dominate 
the entire market in terms of relative capitalization. In the context of the standard 
Ito-process model initiated by Samuelson (1965) we formulate this property (and the 
allied, successively weaker notions of "weak diversity" and "asymptotic weak diver- 
sity") in precise terms. We show that diversity is possible to achieve, but delicate. 
Several illustrative examples are provided, which demonstrate that weakly-diverse fi- 
nancial markets contain relative arbitrage opportunities: it is possible to outperform 
(or underperform) such markets over arbitrary time-horizons. The existence of such 
relative arbitrage does not interfere with the development of option pricing, and has 
interesting consequences for the pricing of long-term warrants and for put-call parity. 
Several open questions are suggested for further study. 
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1 Introduction 



The notion of diversity for financial markets was introduced and studied in the recent paper 
and monograph by Fernholz (1999, 2002). It means, roughly, that no individual stock 
is ever allowed to dominate the entire market in terms of relative capitalization. In the 
context of the standard Ito-process, geometric-Brownian-Motion-based model for financial 
markets introduced by Samuelson (1965), it is shown in the above-mentioned monograph 
how to generate portfolios with "good diversification" properties in a systematic way and 
how to use these properties for passive portfolio management. In particular, it is shown 
that diversity in such models can lead to arbitrage opportunities relative to the market, over 
sufficiently long time-horizons. The present paper complements this effort by showing that, 
under appropriate conditions, diversity in such models in indeed possible, but nonetheless 
rather delicate, to achieve. The conditions mandate, roughly, that the largest stock have 
"strongly negative" rate of growth, resulting in a sufficiently strong repelling drift away from 
an appropriate boundary; and that all other stocks have "sufficiently high" rates of growth. 

Section 2 sets up the model and the notation that are used throughout the paper. Section 
3 introduces the "market portfoho", in terms of which the notion of "diversity" and the 
allied but successively weaker notions of "weak diversity" and "asymptotic weak diversity" 
are defined in section 4. The dynamics of the order statistics for the market-portfolio- 
weights (the so-called "ranked market weights") are studied in section 5, and in terms of 
them sufficient conditions for diversity are established in section 6. These are illustrated by 
means of several examples, including models which are weakly diverse but fail to be diverse. 
Section 7 contains a model for which weak diversity fails on finite time-horizons, but prevails 
as the time-horizon becomes infinite in the "asymptotically weak" sense of section 4. 

We study in (4.4)-(4.5) and the Appendix a diversity-weighted portfolio, that outperforms 
significantly any weakly- diverse market over sufficiently long time-horizons, thus leading to 
arbitrage relative to the market. In section 8 we introduce the "mirror portfolios" and 
study their properties; these are then used to show that in the context of a weakly-diverse 
market it is possible to outperform (or underperform) the market-portfolio over arbitrary 
time-horizons. 

Finally, we show in section 9 that familiar techniques for option pricing can be carried 

out in the context of markets that arc diverse, despite the absence of an equivalent mar- 
tingale measure. This has interesting ramifications for put-call parity, and for the prices of 
call-options over exceedingly long time-horizons: these are shown to approach zero, just as 
intuition would mandate, rather than the initial stock-price (as when an equivalent martin- 
gale measure exists for every finite time- horizon) . Several open problems are suggested. 
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2 The Model 



We shall place ourselves in the standard Ito-process model for a financial market which goes 
back to Samuelson (1965). This model contains n risky assets (stocks), with prices-per-share 
driven by m independent Brownian motions as follows: 



dXiit) = Xi{t) 



u=l 



, i^l,...,n (2.1) 



for < t < oo, with m > n. Here Xi{t) stands for the price of the i*'* asset at time t, and 
l^(-) = (l^i(-)) ■ ■ ■ ) Wm{-)y is a vector of m independent standard Brownian motions, the 
"factors" of the model. These processes are defined on a probability space (Q, J^, P) and are 
adapted to a given filtration F = {•^(^)}o<t<oo -^(0) — {^j ^} mod. P; this satisfies 
the "usual conditions" (right-continuity, augmentation by P— negligible sets), and may be 
strictly larger than the one generated by the driving m— dimensional Brownian motion H^(-). 

The vector-valued process b{-) — (6i(-), . . . , 6„(-))' of rates of return, and the {n x 
m)— matrix- valued process (t{-) — {cw(-)}i<j<„ i<i,<m of volatilities, are assumed to be 
F— progressively measurable and to satisfy almost surely (a.s.) the conditions 

r{bi{t)fdt < oo, V Te (0,oo), (2.2) 



.=1-0 

em\' <e'^{tym < M\\^\\\ Vte[0,oo) and ^ e R\ (2.3) 
for some real constants M > £ > 0. We may re- write (2.1) in the equivalent form 

m 

d(\ogXi{t)) = -fi{t) dt+J2 '^M dW,{t) , i^l,...,n. (2.4) 

Here we have denoted by ji{t) :— bi{t) — ^aii{t) , i — 1, . . . ,n the individual stock growth- 
rates, and by a(-) = {%(")}i<j j<n (nxn)— matrix of variation-covariation rate processes 

aij{t) := = i^ityit)).. = ^(^ogXi,\ogXj){t). (2.5) 

u=i at 

Placed in the above market-model M. of (2.1)-(2.3), an economic agent can decide what 
proportion 7rj(t) of his wealth to invest in each of the stocks i = 1, . . . ,n at every time 
t e [0, oo). The resulting portfolio process 7r(-) = (7ri(-), . . . , 7r„(-))' takes values in the set 



n 



A!^ = U7ri,...,7rn) e iR" TTi > 0,...,7r„ > and ^tt^ = 1 
I 1=1 
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and is supposed to be F— progressively measurable. Starting with initial capital ^ > 0, the 
value process Z'^{-) of the portfolio 7r(-) satisfies the analogue 

^ = t^t)-^ = b-{t)dt + ±^a:{t) dW.it), Z-{0) = z (2.6) 

of the equation (2.1), where 

n n 

b-{t) - E^^W^^W , <it) ■.^^7r,{t)aUt) (2.7) 

i=l i=l 

for u — 1, ... ,171, are respectively the rate-of-return and the volatility coefficients of the 
portfolio. By analogy with (2.4), we may write the solution of the equation (2.6) in the form 

m 

dilogZ^'it)) = 7''(i) dt + J2 dW.{t) , with 

i=l ^ \i=l i=l j=l 

(2.8) 

denoting, respectively, the growth-rate and the excess-growth-rate of the portfolio 7r(-). 

In order to set the stage for notions and developments that follow, let us introduce the 
"order-statistics" notation for the weights 

max7ri(i) =: T^{i){t) > 7i(2){t) > ... > 7r(„_i)(i) > 7r(„)(i) min TTi{t) (2.9) 

l<i<n l<i<n 

of a portfolio 7r(-), ranked at time t from the largest 'K{i){t) to the smallest 7r(„)(t). 

We shall also introduce the following notion of relative arbitrage: given any two 
portfolios 7r(-) and p(-) and a real constant T > 0, we shall say that 7r(-) represents an 
arbitrage opportunity relative to p(-) over the time-horizon [0, T] if, starting with the same 
initial capital Z^(0) = Z^(0) = ^ > , we have 

P[Z''{T)> Z'\T)] = 1 and P [Z^(T) > Z^(T)] > . (2.10) 



3 The Market Portfolio 

If we view the stock-price Xi{t) as the capitalization of the i*^ company at time t, then the 
quantities 

Z{t)■.^X^{t) + ... + X^{t) and ^,,{t) := ^ , i^l,...,n (3.1) 
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denote the total capitalization of the market and the relative capitalizations of the individual 
companies, respectively. Since < /ij(t) < 1 , V i = l,...,n and J2i=ifJ'i{t) = 1 , we 
may think of the vector process ) = (/Ui(-), . . . as a portfolio rule that invests a 

proportion fJ^i{t) of the current wealth Z'^{t) in the i*^ asset, at all times t G [0, cxo). Then 
the resulting value-process Z^{-) satisfies 

dZ^it) _ " rfXi(t) _ " dXi{t) _ dZ{t) 

as postulated by (2.6) and (3.1); and if we start with initial capital Z^{0) — Z{0), we have 
Z^{-) = Z{-), the total market capitahzation. In other words, investing according to the 
portfolio process //(•) amounts to ownership of the entire market. For this reason we call 
//(•) the market portfolio for A4. 

4 Notions of Diversity 

The notion of "diversity" for a financial market corresponds to the intuitive idea that no 
single company should be allowed to dominate the entire market in terms of relative capital- 
ization. To make this notion precise, let us say that the model A4 of (2.1)-(2.3) is diverse 
on the time-horizon [0,7], if there exists a number 6 e (0, 1) such that the quantities of 
(3.1) satisfy almost surely 

/x(i)(t) <l-5, VO<t<T (4.1) 

in the notation of (2.9). In a similar vein, we say that Al is weakly diverse on the 
time-horizon [0,T], if for some 5 e (0, 1) we have 

i j%^,){t)dt < 1-5 (4.2) 

almost surely. We say that is uniformly weakly diverse over [Tq, oo), if there exists a 

5 e (0, 1) such that (4.2) holds a.s. for every T e [Tq, oo). And M is called asymptotically 
weakly diverse if, for some 5 e (0, 1), we have almost surely: 

E^T^oo ^ ^ A*(i)(i) dt <l-5. (4.3) 

These notions were introduced in the paper by Fernholz (1999) and are studied in detail 
in the recent monograph Fernholz (2002). In particular, it is shown in Example 3.3.3 of 
this book that if the model M. of (2.1)- (2.3) is weakly diverse, then it contains arbitrage 
opportunities relative to the market portfolio. 
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We provide here another example of such an arbitrage opportunity, in a weakly diverse 
market and for the so-called diversity-weighted portfolio 7r*^^^(-) = (7r|;^-'(-), . . . ,7r^^^(-))'. 
For some given < p < 1 , this is defined in terms of the market portfolio /^(•) of (3.1), by 

Compared to /i(-), the portfolio 7r(p)(-) in (4.4) decreases the proportion(s) held in the 
largest stock(s) and increases those placed in the smallest stock(s), while preserving the 
relative rankings of all stocks. The actual performance of this portfolio relative to the 
S&P500 index over a 22-year period is discussed in detail by Fernholz (2002), along with 
various issues of practical implementation. 

We show in Appendix A that if the model Ai of (2.1)-(2.3) is weakly diverse on a finite 
time-horizon [0,T], then, starting with initial capital equal to Z'^{0), the value-process 
Z'^^''\-) of the portfolio in (4.4) satisfies 

^TrW/yx > Z^(T)] = 1 , provided that T> — ■ logn. (4.5) 

-I ped 

In particular, 7r*^^^(-) is then an arbitrage opportunity relative to the market /i(-), in the 
sense of (2.10). 

What conditions on the coefficients b{-), a{-) of Ai are sufficient for guaranteeing diver- 
sity, as in (4-1)? Certainly M. cannot be diverse if &i(-), . . . , &n(") are bounded uniformly 
in (t, a;), or even if they satisfy a condition of the Novikov type 



E 



exp 




h{t) 



< oo, V T e (0,oo) . (4.6) 



The reason is that, under the condition (4.6), the Girsanov theorem prodiiccs an equivalent 
probability measure Q under which the price-processes Xi (•)...., X„(-) in (2.1) become 
martingales. This proscribes (2.10), let alone the equation of (4.5), for any T e (0,oo); see 
Appendix A for an argument in a somewhat more general context. 

On the other hand, if we forego the square-integrability condition (2.2), then there exist 
portfolios 7r(-) that lead to "instantaneous arbitrage" P[Z'"{T) > Z^{T) , V T G (0, oo)] = 
1 relative to the market; see Appendix B. 

We shall see in section 6 that diversity is ensured by a strongly negative rate of growth 
for the largest stock, resulting in a sufficiently strong repelling drift (e.g., a log-pole- type 
singularity) away from an appropriate boundary, and by non-negative growth-rates for all the 
other stocks. It turns out, however, that diversity does not prohibit the familiar treatments 
of option pricing, hedging, or portfolio optimization problems in the context of diverse 
markets; we elaborate on this point in section 9. 
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5 The Dynamics of Ranked Market- Weights 

A simple application of Ito's rule to the equation (2.4) shows that we have 

m 

d(logfii{t)) = {ji{t)-j^{t))dt + J2M)-<^i:it))dW,it), i^i,---,n (5.1) 
in the notation of (2.7), (2.8), or equivalently 



/ 1 \ 

^^^^t) - Yit) + - TtS)) dt + E (a,.(t) - <(t)) dW^,(t) (5.2) 



for i = 1, . . . , n . Here, by analogy with (2.5), we have introduced 

m 

the relative covariance (matrix- valued) process of an arbitrary portfolio 7r(-), and set 

m n n 

k=l 1=1 k=l 

In terms of the quantities of (5.3) we can express the excess rate of growth of (2.8) as 

7^^) = It^tHit); (5.4) 

^ i=i 

and for arbitrary portfolios 7r(-), p(-) we have the "numeraire-invariance" property 

-tin n n \ 

^ \i=\ i=lj=l J 

see Lemmata 1.3.4 and 1.3.6 in Fernholz (2002). 

Now let us denote by {pt(l), . . . ,pt{n)} the random permutation of {1, . . . , n} for which 

I^Pt{k){t) = H[k){t) , and ptik) < pt{k + I) if /i(fc)(t) = /i(fe+i)(t) , (5.6) 

hold for = 1, . . . , n. This means, roughly, that pt{k) is the name (i.e., index) of the stock 
with the /c*^ largest relative capitalization at time t, and that "ties are resolved by resorting 
to the lowest index". Using Ito's rule for convex functions of semimartingales, it is shown 
in Fernholz (2001, 2002) that the ranked market-weights of (2.9) satisfy the dynamics 

m 

<i(logAi(*)(()) = (7Kw(t) - 1"^) dt + Y, {cnmAt) - <'(*)) dWM (5.7) 



+ 2 



i/=l 

1 r^^(fe,fc+l)(^) _^^(fc-i,fc)^^y 
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Here, for each k = 1, ... ,n — 1, the quantity A^'''''^^\t) := Aiog^(^)-iog^(j.+i) (t) is the local 
time that the non-negative semimartingale log (ii(k)/ii(^k^i)] (■) has accumulated at the origin 



by calendar time t; and we set Aiog/i(o)-iog/.(i) (■) = and Aiog/.(„)-iogM(„+i) (•) = 0- 

On the event {/i(i)(t) > 1/2} we have ^(2)(t) < 1/2 , thus l{^c^^{t)>i/2} dA^^'^\t) = . 
Therefore, with k = 1 the equation (5.7) reads 

d(log^(i)(t)) = (7(i)(t) - rit)) dt + ^■l|^^^^(,)<i/2} -dA^'^'Kt) + f^)-dB{t) (5.8) 
where B[-) is standard Brownian motion and 

lik){t) := lMk)it) , r5,)(t) := r^(t)|^^^^(,) ■ (5.9) 

5.1 Remark: For a portfolio 7r(-) the conditions of (2.3) lead to the inequalities 

e{l - n,{t)y < T^it) < M (1 - 7r,(i)) (2 - 7r,(i)) (5.10) 
for the quantities of (5.3), and in the case of the market-portfolio to 

£(l-/X(i)(i))' < T5,)(i) < 2M, i>0, A; = l,...,n. (5.11) 
On the other hand, we show in Appendix A that the inequalities of (2.3) imply the bounds 

I (l - 7r(i)(i)) < < M (l - 7r(i)(i)) , < i < oo (5.12) 
in the notation of (2.8), (2.9). 

6 Ensuring Diversity 

Suppose that we select a number 5 G (^0, l—;U(i)(0)^, where /U(i)(0) = maxi<j<„ Xj(0)/(Xl(0)-|- 
• • • + X„(0)), and ask under what conditions we might have 

//(i)(i) < 1-5, VO<i<oo (6.1) 

almost surely; this condition implies the requirement (4.1) of diversity on any finite time- 
horizon [0,T]. To simplify the analysis we shall assume \ < Ai(i)(0) <1 — 5 and consider 

i? :=inf |i > 0|//(i)(i) < ^1 , ,5 := inf > | //(i)(i) > 1 - 5} , (6.2) 
as well as the stopping times 

5fe:=inf{t>0|/i(i)(t)>l-4} , 4 = <5 + i, (6.3) 



for all A; e N sufficiently large. For diversity, it will be enough to guarantee 



liuik^^P [Sk<R] ^0; (6.4) 
because then P[S < R] < limfe_»oo-P [Sk < R] — , and this leads to (6.1). 
6.1 THEOREM: Suppose that on the event || < A*(i)(t) < 1 — we have 

l(k){t) > > 7(i)(i), V A; = 2,...,n (6.5) 

^nnn^7(.)(^)-7(i)(^) + | > where g(t) log (l^) . (6.6) 

Then (6.4), (6.1) are satisfied. On any given, finite time-horizon [0,T] the market is diverse 
and Q^'^{t)dt < 00 holds a.s. 

6.1 Remark: The condition (6.6) holds, in particular, if all stocks but the largest have non- 
negative growth rates, whereas the growth rate of the largest stock is negative and exhibits a 
log-pole-type singularity as the relative capitalization of the largest stock approaches 1 — 6: 
7(1) (^) < on the event {1/2 < /i(i)(t) < 1 - 6} . 

6.2 REMARK: In terms of our market-model Ai of Section 2 we may specify, for instance, 
a non-random volatility matrix a — {c^iu}i<i<n i<v<m with the properties (2.3) as well as a 
vector g = {gi, . . . , gn)' of non-negative numbers, and impose (2.4) in the form of a system 
of stochastic differential equations 

d{logX,{t)) = \ g, ■ lo^{X{t)) - ^ • — TTtSt^VT:^} + E^-^^^W (6-7) 
I ^ log(^E-=i^,(t)) J u=l 

for the vector of stock-price processes X{-) — (Xi(-), . . . ,X„(-))' . We are using here the 
notation 

Oi :— \ x E (0, cxd)" I Xi > max Xj \ , On := \ x E (0, 00)" I Xn > niax Xj > , 

I '^<j<n ) l l<j<n-l ) 

Oi := <x E (0, 00)" I Xi > max Xj , Xi > max Xj\ , for i = 2, . . . , n — 1 

in order to keep track of the name of the stock with the largest capitalization in accordance 
with the convention of (5.6): X{t) E Oi Pt{l) = i ■ With this specification all stocks but 
the largest behave like geometric Brownian motions (with growth rates gi > as long as 
i 7^ Pt(l) , and variances I]"Li o'fu )> whereas the log-price of the largest stock is subjected to 
a log-polc-type singularity in its drift, away from an appropriate right-boundary. Standard 
theory (see Veretennikov (1981)) guarantees that the system of (6.7) has a pathwise unique. 
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strong solution X(-) on each interval of the form [0, Sk], for all /c G N sufficiently large, and 
thus also on [0, S) = [0, oo) by the Theorem. The equations (6.7) prescribe rates of return 

for the model of (2.1), (2.5). Prom the last assertion of Theorem 6.1 these rates satisfy 
Yh=i !o{h{i)Y dt < oo a.s., which is the requirement (2.2). 

Proof of Theorem 6.1: On the event || < A*(i)(0 < 1 — 5^ under consideration the condi- 
tions of (6.5) and (6.6) lead to 



7'^(^)-7(i)(^) = EmW7wW-7(i)(^)+7n^) (6-8) 

k=l 

n 1 " 

= 12 m (thik) {t)-{i- 1^(1) (t)) 7(1) (^) + ^ E m (^) ^{kk} (^) 

k=2 ^ k=l 

(l - /X(i)(t)) f mm^7(fc)(t) - 7(1) (^)) + | " " /^(i)W) 



> 

> s 



mm^7(.)W-7(i)W + | 



M 

> 



Q(t) ' 

almost surely, with the help of (5.4), (5.12) and (6.1). For the process Q{-) of (6.6) we have 
from Ito's rule and (5.8) the semimartingale decomposition 

,„o,g(,) ^ ^ - - If) s -^m, . iM.A-^-W , 

(6.9) 

in conjunction with (6.8) and the second inequality in (5.11), this gives 

Q(0) - io i 2Q^(f) j * - ic ■ 

almost surely, for all integers i and k large enough. 

Now let us take expectations in (6.10). On the event {t < R A Sk} we have 

65 < rS,)(t) < 2M, log < Q{t) < log (^^) 

from (5.12) and (6.1)-(6.3), (6.6). These bounds imply that the expectation of the stochastic 
integral is equal to zero. We are led to the inequalities 

log(g(0)) < E[\og{Q{iARASk))] 

< \oglog(-^-j-^-P[Sk<£AR] +\og\og(^^yP[£AR<Sk] , 
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and letting £ — > oo we obtain 



log log (^-4-) ■P[Sk<R]<- log log (^—^] + log log (2(1 -6))-P[R< S,] . 



(6.11) 

This inequality is valid for all A; G N sufficiently large. Finally, we divide by the number 
— log log > in (6.11), and then let k ^ oo; the desired conclusion (6.4) follows. 

Now from (6.9) the quadratic variation of the semimartingale logQ{-) satisfies 

in conjunction with (5.11) and (6.1), and the last claim of the theorem follows. <0 

The part of this proof leading up to (6.11) is similar to the argument used to establish 
the no n- attainability of the origin by Brownian motion in dimension n > 2; see, for instance, 
pp. 161-162 in Karatzas & Shreve (1991) and Stummer (1993). The fact that a pole-type 
singularity creates opportunities for relative arbitrage is reminiscent of an example due 
to A.V. Skorohod (e.g. Karatzas & Shreve (1998), p. 11), or of the work by Delbaen & 
Schachermayer (1995) and by Levental & Skorohod (1995). 

6.3 REMARK: The inequality of condition (6.6) can be replaced by 

e M 

mm^7(fe)W-7(i)(^) + 2 > y i^(W) , (6-12) 

where F : (0, oo) — > (0, oo) is a continuous function with the property that the associated 
scale function 



dy , < X < oo (6.13) 



U{x) := ^^'^exp - F{z)dz 

satisfies U{0+) — — oo . For instance, U{x) — logx when F{x) = l/x as in (6.6) or (6.8). 

The function [/(•) of (6.13) is of class C^(0, oo), so we can apply Ito's rule to the process 
U{Q{t)), < i < 5" as in (6.9). Using the strict increase and strict concavity properties 
[/'(•) > 0, [/"(•) < Oofthe scale function in (6.13), as well as the equation U"{-)+F{-)U'{-) = 
0, we can now repeat the steps of the argument that leads to the analogue 

-U (log ^—^^ ■P[Sk<R]< -U {log ^—^^ + [/(log(2(l -5))-P[R< S^] 

of (6.11), and hence to (6.4) with the help of the requirement U{Q+) — — oo . 
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7 An Asymptotically Weakly Diverse Market 



Suppose we have a two-stock market model of the form 



dXi{t) = Xi{t) 



, Xi(0) = x e (0,00) fori = 1,2 (7.1) 



driven by the planar Brownian Motion W = (H^i,H^2)- Then W := 75(^^2 - Wi) is 
standard Brownian motion, and we have 

X2(t) = Xi(t) ■exp(Z(t)), where Z{t) :^ [\b2{s) - bi{s)) ds + W{t) , (7.2) 

Jo 

/^iW = V , V = 1 , .z(t) ' /^2(t) = -zM' ^^"S /X(i)(i) - 



Xi{t)+X2{t) l + e^(*)' ^'^^ l + e-^(*)' ^^'^'^ 1 + e-I^WI 

(7.3) 

for < t < 00 . Now let us select 6i(-) = and b2{-) = — a Z(-) l[i^oo)(') for a suitable 
real constant a > to be determined below. With these choices the process Z{-) of (7.2) 
becomes Z{t) = W{t) for < t < 1 and 

Z{t) = W{1) - a f^Z{s) ds + W{t) for 1 < t < 00 , (7.4) 

where {W{f?j := W{t) — W{1) , 1 < t < 00 } is standard Brownian Motion and independent 
of Z{1) — W{1) . In other words, the process {Z{t) , 1 < i < 00 } is Ornstein-Uhlenbeck, 
with gaussian initial distribution A/'(0, 1) and gaussian invariant distribution A/'(0, 1/2q;) ; 
see Karatzas & Shreve (1991), page 358 for the latter assertion. With the choice a = 1/2 
the process Z(-) is stationary, and its ergodic behavior gives 

1 z-^+i 1 dt „( 1 



a.s. 



1 1 dt ( 1 \ 
lim — / (t) dt — lim — / , = E [ n^-r-rr 1 < 1 — 5 , 

for any < 5 < {j0Sm) = C if^ e-^V2 dz . Thus, tie modei M of (7.1) is 
asymptotically weakly diverse. 

However, diversity fails for this model. For any T e [l,oo) and S e (0, 00) we have 



/x(i)(r)>i-5] = p[|z(r)|>e] = e--/'du>o, e:=log 



2_ _„2/o , „ . , fl-S 

In fact, weak diversity fails as well. For an arbitrary T G (1, 00) and 5 G (0,1), select 
e G (0, T) and C > so that 5 > '"'^^i^^-t, ', then it is straightforward that the event 
As,c := {inf e<t<T \Z{t)\ ^ C} has positive probability P (/l^^^) > and that 

I f'^ 1 f'^ dt T — e 

7^ / IJ'(i)it)dt = — nrrT-rr > TiTT 77 > 1 — 5 holds a.e. on A^rc 

T Je ^^ '^^ T Je 1 + e-I^WI - r(l + e-«) " 
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thus leading to P ( Jo fi{i)it) dt > {1 - 6)Tj > . It can be shown that the model of (7.1) 
admits a unique equivalent martingale measure. 

7.1 REMARK: The examples of section 6 can be easily modified to produce a model M. 
which is weakly diverse but not diverse. Indeed, let us start by considering a model Ai^'^^^ 
with constant volatilities a-ij and with rates of return bl (•) , i = l,---,n such that 
P(/i(i)(t) < 1 - 25, VO < t < T) = 1 is satisfied for some T e (0, oo) and 6 G (0,1/4) . 
The idea is to divide the time-horizon [0,r] into the two intervals [0,T/2) and [T/2,T] , 
select J] e (25, 1/2) , and set 

bi{t) := bf \t)-l{s<t<T, s<T/2}, where S := inf{ t > | /X(i)(t) >l-r)}AT. (7.5) 

We claim that the model At, with volatilities aij and rates of return given by (7.5), is 
weakly diverse on [0,T] . To see this, consider two cases: For uj E {S < T/2} the recipe 
(7.5) and (4.1) guarantee H(i){t,u) < 1 - 25 < 1 - 5, VO < i < T ; and for a; e {5 > T/2} 
we have 

I rT I rT/2 I fT 

- in,)(t,uj)dt <-j^ (i-rj)dt+- j^^^^-dt = l-(r//2) < 1-5. 

But for this Ai the property (4.1) fails: the event B := {S > T/2} has positive 
probability, and with A := | maxo<t<T /^(i)(^) > 1 — 5 | we have P{A D B) > . To see 
this, consider the special case n = 2, ai2 = a2i = 0, an = a22 = l/\/2 as in (7.1), and 
observe that on the event B ^ {S > T/2} we have Z(-) = W{-) in (7.2) and 

max a(i)(t) > 1 — 5 <(=^ max \Z(t)\ > K :— log f ^— r— I • 

o<t<T^ ^ ~ o<t<T ' ^" — \ ^ J 

Consequently, 

P{AnB) = P[ m^ax |V^(t)| > K;S>T/2] > P [ ^max ^ \W (t) -W{T/ 2) \ > 2K;S>T/2] 

= P (^^max^ \W{t) - W(T/2)\ > 2K\S > T/2^ ■ P{S > T/2) 

> P (^^max^ \W{t)\ > 2K^ ■ P(S > T/2) > 0, 

since {W{t) - W(T/2); T/2 < t < oo } is a Brownian Motion and independent of J^{T/2) , 
a (7— algebra that contains the event {S > T/2}. 
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8 Mirror Portfolios, Short-Horizon Relative Arbitrage 



We saw in (4.5) that in weakly diverse markets and over sufficiently long time-horizons, 
there exist portfohos (e.g., the diversity-weighted portfolio 7r(^^(-) of (4.4)) that represent 
arbitrage opportunities relative to the market portfolio //(•). It is an open question whether 
this can be done over arbitrary, possibly small, time-horizons. We shall show in this sec- 
tion that, on arbitrary time-horizons, relative arbitrage can be constructed in the reverse 
direction: if short-selling is allowed, there always exist portfolios that constistently under- 
perform a weakly diverse market, i.e., with respect to which the market-portfolio represents 
an arbitrage opportunity. 

In order to do this we have to introduce the notion of extended portfolio: a progres- 
sively measurable and uniformly bounded process 7r(-) = (7ri(-), • • •,7r„(-))' with values in 
A" = {(tti, • • - jTTn) e IRJ^ I Y^i^iTTi = 1} ■ In other words, an extended portfolio can sell 
one or more stocks short, but certainly not all. By contrast, the portfolios of section 2 are 
"all-long" portfolios: they allow no short-selling. 

Let us fix a baseline portfolio m(-); this will typically, though not necessarily, be the 
market portfolio /^(•). For any extended portfolio 7r(-) and any fixed real number p ^ we 
define the p— mirror-image of 7r(-) with respect to iJ,{-) by 

7f(^')(-) - p7r(-) + (l-p)m(-). (8.1) 

This is clearly an extended portfolio, and a portfolio in the strict sense of section 2 if this 
is the case for 7r(-) and < p < 1. If p = — 1 we call 7r*-~^''(-) = 2m(-) — 7r(-) the "mirror 
image" of 7r(-) with respect to m(-). We notice 

Let us recall the notation of (5.2) for the matrix-valued covariance 

w I ij y ^ } l<i,j<n ^ ' 

process of m(-), define the relative covariance of 7t{-) with respect to m(-) by 

rZit) - m{t)y a{t) {7r{t) - m(i)) > e \ \7r{t) - m{t) \ f , (8.3) 

and make the elementary observations 

r-(-)m(-) ^ 0, C(-) = 7r'(-)r-(-)7r(-) = r^„(-) , r'^(.);^(.) (•) = • C(-) ■ (8-4) 

We shall take m(-) = fi{-) from now on. The relative performance of 7r(-) with respect 
to /i(-) is given in (1.2.16) of Fernholz (2002) by 

d log (^1^) = tX^iit) - ix,{t)) d\ogiXi{t) + {^:{t) - Y*{t)) dt . (8.5) 
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Writing this expression for 7r*-^''(-) in place of 7r(-), recalling tt^^-* — = p{'^ — 1^) from (8.1), 
and then subtracting (8.5) multiplied by p , we obtain 

i^^^w) ^ ^ ■ (£|y) + " ^* + (^*'^''' -pim) dt . (8.6) 

But now recall the expressions of (5.5), (8.4) and (5.4), to obtain 

^ n 

2 (7f' (t) -Pim) = E -P^.(^)) rm - r^~,.,~^,{t) + pr,-,(t) 



i=l 



i=l 

Substituting back into (8.6) we get 

and note that the last term is non- negative, by (8.3). 

8.1 Lemma: Suppose that the eoctended portfolio 7r(-) is such that the conditions 

(Z^(T) \ ( Z^iT) l\ , , 



anc? 



r,^Ji)cii > 7?j =1 (8.9) 
hold, for some (3 > and rj > 0. Then there exists an eoctended portfolio 7f(-) such that 

P [Z^{T) < Z^{T)) = 1 . (8.10) 

8.1 Remark: Condition (8.8) postulates that the extended portfolio 7r(-) is "not very differ- 
ent" from the market portfolio. But condition (8.9) mandates that 7r(-) "must be sufficiently 
different" from the market portfolio; indeed, f^ T^^{t)dt > e YJi=i fo \T^i{'t)~ dt from 
(8.3), so (8.9) holds if the expression ||7r — /^||l2([o,t]) is bounded away from zero, a.s. 

Proof of Lemma 8.1: If we have P[{Z''{T)/Z^'{T)) < 1//3] = 1 , then it suffices to take 
p > 1 + (2/77) • log(l//3) and observe from (8.9), (8.7) that ??(•) = 7t^\-) satisfies 



log||^l <V 



log i 



< , a.s. 
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If on the other hand we have P [{Z^ (T)/Z^{T)) > (3] = 1, then it suffices to take p < 
min(0 , 1 — {2/r]) ■ log(l//3)) and observe from (8.7) that 7f(-) = 7f*^^^(-) satisfies 



log iU|(l-rt 



< 0, 



a.s. 



o 



8.1 Example: With tt = ei = (1, 0, • • • , 0)' and m(-) = /x(-) the market portfoho, take 
p > 1 to be detemined in a moment, and define the extended portfoho 



7f(t) := n^P\t) = pei + (1 -p)/x(t) , < t < oo . 



Ul) 



which takes a long position in the first stock and a short position in the market. (This is not a 
very easy portfolio to implement in actual practice.) In particular, 7fi(i) — p + {1 —p) Hi{t) 
and 7ti{t) — (1 — p) ^i{t) for i = 2, • • • , n . Then we have 



log 



Z^(T) 
'ZHT) 



p 



log 



./^i(O), 



p 



T 



(8.12) 



from (8.7). But taking /3 := /xi(0) we have (/xi(T)//xi(0)) < 1//3, and if the market is 
weakly diverse on [0,7] we obtain from (5.10) and the Cauchy-Schwarz inequality 



£ T^i{t)dt > e n^^)fdt > sS^T =: r] . 



(8.13) 



^Prom Lemma 8.1 the market portfolio represents then an arbitrage opportunity with respect 
to the extended portfolio ??(•) of (8.11), provided that for any given T e (0, oo) we select 
p > p{T) := 1 + ^ • log (^) . Note that limTiop(r) = oo . o 

The extended portfolio 7f(-) of (8.11) can be used to create all-long portfolios that un- 
derperform (Example 8.2) or outperform (Example 8.3) the market portfolio /u(-), over any 
given time-horizon T G (0, oo). The idea is to "embed 7f(-) in a sea of market portfolio, 
swamping the short positions while retaining the essential portfolio characteristics" . Crucial 
in these constructions is the a.s. comparison 



a direct consequence of (8.12). Here and in what follows we assume Z^(0) = Z'^{Q) = 1. 

8.2 Example: Consider an investment strategy p(-) that places one dollar in the portfolio 
7f(-) of (8.11) and [p — l)/(^i(0))*' dollars in the market portfolio p{-) at time t = 0, and 
makes no change afterwards. The number p is chosen as in Example 8.1. The value Zf[-) 
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of this strategy is clearly Z^{t) = Z'^{t) + (^^(q^^p • Z'^{t) > 0, < i < oo, and is generated 
by the extended portfolio with weights 



P^{t) 



ZP{t) 



, for i — 1, ■ ■ ■ ,n . 



Clearly = 1; and since both Tfi{t) and are positive, we have pi{t) > as 

well. To check that p(-) is an all-long portfoho, observe that the dollar amount invested by 
it at time t in any stock i — 2, ■ ■ ■ ,n , is 



-{p-l)fi,{t)-Z-{t)+ ^^J.p -I^i{t) 



thanks to (8.14). On the other hand, p(-) underperforms at t = T a market portfolio that 
starts out with the same initial capital z :— Z^{0) = 1 + (p — l)/(/xi(0))^ , since p(-) holds 
a mix of /i(-) and 7f(-), and 7f(-) underperforms the market ect t — T: 



ZP{T) = Z'^(T) + 



p — 1 

MO)? 



Zi'iT) < zZi'iT) = Z^''*(T) a.s., from (8.10). 



8.3 Example: Now consider a strategy 77(-) that invests p/(//i(0))^ dollars in the market 
portfolio and —1 dollar in ??(•) at time t — and makes no change thereafter. The number 
p > 1 is chosen again as in Example 8.1. The value Z'^{-) of this strategy is 

Z\t) = 777^ ■Z'{t)-Z^{t) > ^^[p-{,,,{t)r] > 0, 0<t<oo, (8.15) 



(MOW ^ ^ - (MO)? 

thanks to (8.14) andp > 1 > (/ii(t))''. As before, Z^{-) is generated by an extended portfolio 
77(-) with weights 

1 



Z''i{t) 



p 



lXi{t)Z'^{t)-Ut)-Z''{t) 



,n 



(8.16) 



(-"i(O))^ 

that satisfy J2^=iVi(t) = 1- Now for i = 2, ■ ■ ■ ,n we have TTiit) = —{p — 1) Hiit) < 0, so 
rj2{-), ■ ■ ■ ,Vn{') are strictly positive. To check that r]{-) is an all-long portfolio, it remains to 
verify rji{t) > 0; but the dollar amount 

^^■Z'^{t)-[p-{p-l)^^,{t)]■Z^{t) 

invested by rj{-) in the first stock at time t, dominates (JI^^Qy^p ■ Z^{t) — \p — {p — l)/xi(i)] • 

(^1(0))^ Z'^i't) ) or equivalently the quantity 

• [ (p - 1) {Mt)r+P {i - Mt)r'}] > , 
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again thanks to (8.14) and p > 1 > (/ii(t))^. Thus ri{-) is indeed an all-long portfolio. 

On the other hand, ri{-) outperforms at t = T a market portfolio with the same initial 
capital of ( := Z'^{0) = p/{fJ'i{0)y — 1 > dollars, because ?](■) is long in the market /^(•) 
and short in the extended portfolio 7f(-), which underperforms the market at t = T: 

Z''{T) = f - Z^{T) > CZ^iT) = Z^'^{T) a.s., from (8.10). 

(/^i(0)) 



9 Hedging in Weakly Diverse Markets 

Suppose now that we place a small investor in a market Ai as in (2.1)-(2.5) but allow him 
to invest also in a money-market with interest rate r : [0, oo) x f2 — [0, oo): a progressively 
measurable and locally integrable process. A dollar invested at time i = in the money 
market grows to B(T) = cxp{Jq r(u) du} at time t = T. 

Starting with initial capital z > 0, the investor can choose at any time t a trading 
strategy (/?(t) = {(fi{t), ■ ■ ■ , ^Pn{t))' ■ With Z^''^{t) denoting the value of the strategy at time 
t, the quantity v'j(t) is the dollar amount invested in the z*'* stock and ^^'"^(t)— Z^^Li ^he 
amount held in the money-market. These quantities are real- valued, any one of them may 
be negative: selling stock short is allowed, as is borrowing from (as opposed to depositing 
into) the money-market. We require only that the trading strategy ip{-) be progressively 
measurable and satisfy J2i=i Io[{^i{t))'^ + \^i{t)\\bi{t) —r{t)\]dt < oo a.s., on any given 
time-horizon [0, T]. With this understanding, the value-process Z{-) = Z^''^{-) satisfies 

n / m \ 

- r{t)Z{t)dt + ^ ^,(t) {h{t) - r{t)) dt + J2 dW,{t) = r{t)Z{t)dt + '^'{t)a{t)dW{t) , 

1=1 \ u = l ) 

a simple linear equation. We have introduced the processes 

Wit) := W{t)^ f'^{s)ds, ^{t) := a\t){a{t)a' (t)r^ m) - r{t)l] (9.2) 
Jo 

with 1= (l,---,l)'e ]R^, in terms of which we can write the equation (2.1) in the form 

^ = (f^) ■ "-^'^ "^^^^'^ ' ^ = 1' • • • ' ^ • (9-3) 

The solution of the equation (9.1) is given by 
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Wc shall denote by $t(-2) the class of trading strategies Lp{-) that satisfy P[Z^''^(t) > 0, 
VO < t < T] = 1 for a given T G (0, oo), and set := rio^TKoo^riz) . This class 

contains the extended portfolios of section 8: if 7r(-) is an extended portfolio and Z^{-) 
its value-process with initial capital Z'^{0) = z > 0, then v^i(-) := TTi{-)Z'^{-), 1 < i < n 
defines a trading strategy, and = Z'"{-) > satisfies the analogue d{Z'^{t)/ B{t)) = 

{Z^{t)/B{t)) ■ n'{t)a{t)dW{t) of (9.4). 

9.1 Remark: If M. is weakly diverse on some finite horizon [0, T], then the process 

L{t) exp {- ^'{s) dW{s) - ^ \ \^{s) ds^ , < i < oo (9.5) 

is a local martingale and a supermartingale but is not a martingale. For if it were, then the 
measure Qt{A) :— E[L(T) ■ 1a] would be a probability on T{T). Under this probability 
measure, the process W{-) of (9.2) would be Brownian motion and the discounted price- 
processes Xi[-)/B{-) would be martingales on the interval [0,T], from (9.3), (2.3). But 
this would proscribe (2.10) on this interval for any two extended portfolios 7r(-) and p(-), 
contradicting (4.5) (see Appendix A for a formal argument along these lines). 

Thus, in a weakly diverse market the process L(-) of (9.5) is a strict local martingale in 
the sense of Elworthy et al. (1997): we have E[L{t)\ < 1 for every t e (0, oo). 

9.2 Remark: Because L(-) is a local martingale there exists an increasing sequence {-S'felfegN 
of stopping times with lim^^oo Sk = oo a.s. such that L{- A Sk) is a martingale for every 
k e N; for instance, take Sk = inf{i > 0| Jq \ \'d{s)\\'^ ds > k}. Thus, if we replace T by 
TA^'fc in (2.10), this property cannot hold for an?/ extended portfolios 7r(-) and p(-): there 
is no possibility for relative arbitrage on the horizon [0, T A S^] for any k G N. But in the 
limit as /c — > oo a relative arbitrage of the type (2.10) appears as in (4.5) or Example 8.1, 
if M. is weakly diverse on [0,T]. 

• The failure of the exponential process L(-) in (9.5) to be a martingale does not preclude, 
however, the possibility for hedging contingent claims in a market which is weakly diverse 
on some finite horizon [0,T]. To see why, consider an J^(T') —measurable random variable 
y : Q — > [0, oo) that satisfies 

< 2/0 := E[ YL{T)/B{T) ] < oo . (9.6) 

If we view y as a liability (contingent claim) that the investor faces and has to cover (hedge) 
at time t — T, the question is to characterize the smallest amount of initial capital that allows 
the investor to hedge this liability without risk; namely, the hedging price 

h := mi{z > | there exists (/?(•) G $r(^) such that Z^''^(T) > Y holds a.s.} . (9.7) 
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Wc proceed as in the standard treatment of this question (e.g. Karatzas & Shreve 
(1998), Chapter 2) but under the probabiUty measure P, the only one now at our disposah 
from (9.1)-(9.3) and the differential equation dL{t) = —L{t) '(9'(t) dW{t) for the exponential 
process L(-) of (9.5), we obtain that each of the processes 

Mt) := t-^f^f'^^l - 1+ fMs)-f:{aUs)-Ms))dW^{s), i = (9.8) 
Xi{0)B{t) Jo 

^'^^^ ■= ^^^Im^^ = ^ + r ^ i^'i^M^) - Z--{s)^'{s)) dW{s) (9.9) 

(products of L(-) with the discounted stock- prices and with the discounted values of in- 
vestment strategies in ^{z), respectively) is a non- negative local martingale, hence a super- 
martingale. It is not hard to see (in Appendix A) that 

the processes Xi{-) , i = 1, ■ ■ ■ ,n of (9.8) are strict local martingales . (9.10) 

In particular, E[L{T)Xi{T)/ B{T) ] < ^^(0) holds for all T e (0, oo) . 

For any 2; > in the set of (9.7), there exists some </?(•) e ^t{z) such that 

E[YL{T)/B{T)] < E[Z^''P{T)L{T)/B{T)] < z, (9.11) 

and so I/O = E[YL{T)/B{T)] < h. 

• Let us suppose from now on that m = n, i.e., that we have exactly as many sources 
of randomness as there are stocks in the market Ai; that the square-matrix a{t,uj) = 
{(Tij{t,uj)}i<ij<n is invertible for every {t,uj) G [0,T] x Q; and that the filtration F = 
{J^{t)}o<t<T is generated by the Brownian Motion W{-) itself, namely, J-'{t) = a(W{s)] < 
s <t) . The martingale representation property of this Brownian filtration gives 

^ yo+ ^ ip'is)dW(s) > 0, 0<t<T (9.12) 
Jo 

for some progressively measurable process ijj : [0, T] xQ — > iR" with Yh=i /o^('0i(O)^ dt < 00 
a.s. Setting Z{-) := M(-)S(-)/L(-) , ip{-) := ^(a-^-))' (ijji-) + M(-)^-)) and comparing 
(9.9) with (9.12), we observe Z{0) = yo , Z{T) = Y and Z{-) = Zy°^^{-) > , almost surely. 

Therefore, the trading strategy (p{-) is in $T(yo) and satisfies Z^°''''(T) = Y a.s. This 
means that yo belongs to the set on the right-hand-side of (9.7), and so yo > h . But we 
have already established the reverse inequality (actually in much greater generality), so for 
the hedging price of (9.7) we get the Black-Scholes-type formula 

h = E[YL{T)/B{T)] (9.13) 



M{t) := E 



YL{T) 
~B{T) 
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under the assumptions of the preceding paragraph. In particular, a market A4 that is 
weakly diverse - hence without an equivalent probability measure under which discounted 
stock-prices are (at least local) martingales - can nevertheless be complete. 

9.3 Remark: In terms of Delbaen & Schachermayer (1998) we are now in a situation where 
"no arbitrage" holds for trading strategies with non-negative value (in the sense that v^(-) G 
<I>t(0) implies Z^''^{T) = a.s. in (9.11)), where L{-), Xj(-) and Z'^{-) are local martingales, 
but where "free lunch with vanishing risk" also exists (as illustrated in Remark 9.2; a related 
notion was introduced and studied in Lowenstein & Willard (2000) under their terminology 
"cheap thrill"). We owe this observation to Profs. Steven Shreve and Julien Hugonnier. 

9.1 EXAMPLE: A European Call-Option. Consider the contingent claim Y = (Xi(T) — q)~^ : 
this is a European call-option with strike-price g > on the first stock. Let us assume also 
that the interest-rate process r(-) is bounded away from zero, namely that P[r{t) > r , Vt > 
] = 1 holds for some r > 0, and that the market Ai is weakly diverse on all time-horizons 
T G (0, oo) sufficiently large. Then for the hedging price of this contingent claim, written 
now as a function h{T) of the time-horizon, we have from (9.10), (9.13) and E[L{T)] < 1: 

Xi(0) > E[LiT)X,iT)/BiT)]> E[L{T){X^{T) - q)+ / B{T)] = h{T) 

> E[L{T)Xi{T)/B{T)] - q-E{L{T)-e-^o<'^^'^ 

> E[L{T)X,{T)/B{T)] - qe-^^E[L{T)] > E[L{T)X,{T) / B{T)] - qe-^^ , 
because L{-)Xi{-)/B{-) is a supermartingale and a strict local martingale. Therefore 

< h{oc) := ^lim h{T) = ^li^ i ^ { ^^^B{T)^^ ) < ^ ^^"^^^ 

the value of the option is strictly less than the price of the underlying stock at time t = 0, 
and tends to the value /i(oo) G [0,Xi(0)) as the horizon increases without limit. 

We claim that if Ai is uniformly weakly diverse over some [To,oo), then the limit in 
(9.14) is actually zero: a European call that can never be exercised is worthless. Indeed, for 
every fixed p G (0, 1) and T > V Tq , the quantity 

1—p 

is dominated by Z(0) n~ .^-^^i'^-p)'^/'^ ^ from (3.1), (11.4) and the supermartingale property 
of L{-)Z'^^''\-)/ B{-) . Letting T — oo as in (9.14), this leads to the claim h{oo) = 0. 

9.4 Remark: Note the sharp difference between this case and the situation where an equiv- 
alent martingale measure exists on any finite time-horizon; namely, when both L(-) and 
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L(-)Xi(-)/5(-) are martingales. Then E[L{T)Xi{T)/B{T)] = Xi(0) holds for all T e 
(0,00), and h{oo) = Xi(0): as the time-horizon increases without limit, the hedging price 
of the call-option approaches the current stock price (Karatzas & Shreve (1998), page 62). 

9.2 EXAMPLE: Put-Call Parity. Suppose that Si(-), 52(-) are positive, continuous and 
adapted processes, representing the values of two different assets in a market M. with 
r(-) = 0. Let us set 

Yi := (Si(T) - E,{T)y and Y, := (^^(T) - Si(T))^ ; 

then from (9.13) the quantity hj — E[L{T)Yj] is the hedging price at time t — oi a, 
contract that offers its holder the right, but not the obhgation, to exchange asset 2 for asset 
1 with j — 1 (resp., asset 1 for asset 2 with j — 2) at time t — T. We have clearly 

h,-h2 = E[L{T) (Si(T)-52(T))], 

and say that the two assets are in put-call parity if hi — h2 — Si(0) — ^2(0) . This will be 
the case when both L(-) Si(-), L(-) S2(-) are martingales. (For instance, whenever (4.6) is 
valid we can take Sj(-) = Xi{-) or Sj(-) = Z'^{-) for any i — 1, ■ ■ ■ ,n, j — 1,2 and any 
extended portfoho 7r(-) ; then put-call parity holds as in Karatzas & Shreve (1998), p. 50.) 

It is easy to see that put-call parity need not hold if M. is weakly diverse: for instance, 
take Si(-) = Z^'i-) , S2(-) = Z'^(-) with Z^'{0) = Z^{0) in the notation of (3.1) and (8.11), 
and observe from (8.10) that /ii-/i2 = E[L{T) {Z^'{T) - Z^'iT))] > = Z''(0) - Z^(0) . 

10 Concluding Remarks 

We have presented examples of diverse and weakly diverse market models posited in Fernholz 
(1999, 2002), and shown that the "diversity-weighted" portfoho of (4.4) represents an arbi- 
trage opportunity relative to a weakly-diverse market over a sufficiently long time-horizon. 
We have also shown that weakly-diverse markets are themselves arbitrage opportunities rel- 
ative to suitable extended portfolios, over arbitratry time-horizons; in particular, no equiv- 
alent martingale measure can exist for such markets. But we have also shown that, even 
in the context of a diverse market, this does not in any way interfere with the development 
of option pricing; quite the contrary, one is led to more realistic values for warrants over 
exceedingly long time- horizons. A similar treatment is possible for utility maximization 
problems, along the lines of Karatzas et al. (1991). It would also be of interest to determine 
the optimal hedging portfolio under suitable (e.g. Markovian) structure conditions, and to 
treat in this framework the hedging of American contingent claims. 
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11 Appendix A: Proofs of Selected Results 



Proof of (5.10)-(5.12): With = (0, • • • , 0, 1, 0, • • • , 0)' the i*'^ unit vector in , 



T^(t) = (7r{t)-ei)'a(t)(7r(t)-ei) > s\\7r(t)-ei 



from (5.3) and (2.3). Back into (6.9), this gives 



> e{l-ni{t)y 



1=1 



e 
2 



i=l 



1=1 



Similarly, we get T^,{t) < M [{1 - 7ri{t)f + j:j^,n]{t)] < M {1 - mit))- {2 - mit)) as 
claimed in (5.10), and this leads to (5.11) and to 

n 

7r(i)(t) (1 - 7r(i)(t)) + E mit) (1 - mii)) 



llit) < -.^7r,(t)(l-7r,(t)) = - 
^ i=i ^ 



k=2 



M 

< 

- 2 



:i-7r(i)(i)) + E^WW 



k=2 



M(l-7r(i)(t)). 



Proof of (4.5): Let us start by introducing the function D{x) := (j2^=iX^^ , which 
we shall interpret as a "measure of diversity" . An application of Ito's rule to the process 
{D{ii{t)), <t < oo} leads after some computation to the expression 



log 



log 



Dim) 



j + (1-p)^ 'yf\t)dt, 0<T<oo (11.1) 



for the value-process Z^(p){-) of the diversity- weighted portfolio 7r''^^(-) of (4.4). Useful in 
the computation (11.1) is the numeraire-invariance property (5.5). 

Suppose that the market is weakly diverse on the finite time-horizon [0,T], namely, 
that Jq (l — /i(i)(t)^ dt > 6T holds almost surely, for some < 5 < 1. We have then 

1 = YlH=if^ii't) — J2i=iif^ii't)Y — (-^(/^(^)))^ — (minimum diversity occurs when the 

entire market is concentrated in one stock, and maximum diversity when all stocks have the 
same capitalization), so that 



log T^T^ > ^-logn. 



Dim)) 



P 



(11.2) 
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This provides, in particular, the lower bound Z^''''\-)/Z^{-) > n^^^^P^/p . On the other hand, 
we have already remarked in section 4 that the largest weight of the portfolio 7r^^'*(-) in (4.4) 
does not exceed the maximum weight of the market portfolio, namely 



(the reverse inequality holds for the smallest weights, namely 7r|j^j(t) := mini<j<„ tTj-^"* (t) > 
fj^(n){t) )• From (5.12) and (11-3) we see that the assumption (4.2) of weak diversity implies 

l\f\t) dt> I • / (i - mit)) dt>'--ST 

a.s. In conjunction with (11.2), this lead to (4.5) via 



— ■6 logn 

2 p 



:ii.4) 



Proof that the mEirtingale property of L( ) (valid under condition (4.6)) pro- 
scribes (2.10): Suppose that the exponential process {L{t)] < i < T} of (9.5) is a 
P— martingale; then {VF(i); < i < T} of (9.2) is Brownian motion under the equivalent 
measure Qt{-^ — E[L{T) • 1^] on !F{T) , by the Girsanov theorem. For instance, this will 
be the case under the Novikov condition (4.6); cf. Theorem 3.5.1 and Proposition 3.5.12 in 
Karatzas & Shreve (1991). For any extended portfolio 7r(-) we have 

n rn 

d{Z''-{t)/B{t)) = iZ''-{t)/B{t)) ■ ^ ^ 7Ti{t) aUt) dW,{t) , Z^'-(O) = ^ > 

i=l v=l 

from (9.4) and the discussion following it; this shows that the process Z^''^{-)/ B{-) is then 
a martingale under Qx with moments of all orders (in particular, square-integrable) . If 
p(-) is another extended portfolio, the difference H{-) := {Z^'^{-) — Z^'^{-)) / B{-) is again a 
(square-integrable) martingale with i/(0) = 0, therefore E^'^[H{Ty\ = 0. But if H{T) > 
holds a.s. (with respect to P, or equivalently with respect to Qt), then this gives H{T) = 
a.s. and rules out the second requirement P[H{T) > 0] > of (2.10). 

Proof of (9.10): Suppose that the processes L{-)Xi{-)/ B{-) for i = l,---,n are all 
martingales; then so is their sum, the process Z[-) := L{-)Z'^{-)/B{-) with Z^{-) : = 
EILi^i(-) as in (3.1). With ^ = 1 and ^9^(t) := (T'{t)i^{t) - '(?(t) , the equation (9.9) takes 
the form dZ'^(t) = Z^'{t){^^'{t)y dW{t) or equivalently 

Z'^it) = exp(^J^{^>^{s)ydWis)-y^\\^^is)\fds^ , (11.5) 
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and we get 
1 



2 Jo 



exp - / - - / \\^''{s)\\^ds) , where W{-):^W{-)- ^''{s)ds. 



Now on any given finite horizon [0, T], this process W{-) is Brownian motion under the 
equivalent probabihty measure -Pt(^) E[Z^{T) ■ 1a] on J^{T), and Ito's rule gives 



(11.6) 



1 = 1 u=l 



for an arbitrary extended portfolio vr(-). From (2.3) we see that, for any such 7r(-), the 
ratio Z'^{-)/Z'^{-) is a martingale under Pt] in particular, E^'^[Z'^{T)/Z^{T)] = 1. But 
if 7r(-) satisfies P[Z'^(T) > Z^'{T)] = 1 , we must have also Pt[ ^''(T)/Z^(T) > 1] = 1; 
in conjunction with E^^[Z''{T)/Z^'{T)] = 1, this leads to Pt[Z^{T) = Zi'iT)] = 1 , or 
equivalently Z'^{T) = Z^^iT) a.s. P , contradicting (4.5). Thus the process 

Xj{t) = exp (^j\^^^\s)ydW{s) - ^ \W^^\s)\\'^ ds^ , 0<t<oo (11.7) 

of (9.8) is a strict local martingale, for some (at least one) j e {l,---,n}; we have set 
i9^^\t) ■.^akv{t)-^u{t), u = l,---,n, for any A; e {I,-- -,71}. 

Suppose now that (9.10) fails, i.e., that Xj(-) is a martingale for some i ^ j. Then for 
any T G (0, cxd) the measure P^\A) :— E[Xi{T) ■ 1a] is a probability measure on J^{T), 
and under this measure the process 

fy» (t) ■= W(t) - f ^^''> (s)ds, 0<t<T 
Jo 

is standard 1?"— valued Brownian motion. By analogy with (11.5)-(11.7) we have now 
1 



Xiit) 



— exp 



and 



d 



Mi), 



2 Jo / 

Y (f\\ n- rn 



Thus, thanks to condition (2.3), the process Xj{-)/Xi{-) is a P;{?^ -martingale on [0,7], 
with moments of all orders. In particular. 



E 



L{T)X,{T) X,{T) 
B{T)Xm ■ X,(T) 



which contradicts E[L{T)Xj{T) / B{Ty\ < Xj{0) and thus the strict local martingale prop- 
erty of L{-)Xj{-)/B{-) under P. 
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12 Appendix B: Instantaneous Relative Arbitrage 



If one is willing to dispense with the square-integrability condition (2.2) on the stock ap- 
preciation rates, then instantaneous relative arbitrage becomes possible in a diverse market: 
there exists a portfolio 7r(-) with Z'^(O) = Z'^(O) and P[Z''{t) > Zi^{t), for all t > 0] ^ 1. 

We present below a very simple, two-stock example of such a market, in which this 
possibility is caused by the fact that one of the stocks is instantaneously dominating the 
other near t — 0; the relative arbitrage is created by investing all the money in the winning 
stock, at least for the small amount of time that it maintains the lead. The model postulates 
stock-prices -'^i(-), X2{-) given by 



where (VFi,1^2) is a standard two-dimensional Brownian Motion and r{t) :— Jl^{u)du , for 
some 7(-) to de determined shortly. Of course, ^i(O) = ^2(0) = 1. 

For such a market the diversity condition (6.1) becomes P[5 < ijLi{t) < 1 — 5, for 
alU > 0] = 1, for some S e (0,1/2). Setting Y{t) := logX2(i) - logXi(i) , diversity 
is equivalent to —77 < Y{t) < rj , where 77 := log(l — S) — log 5 > 0. Note also that 
y(.) = r(-) - W{-), where W{-) := Wi{-) - W2{-) is a (scaled) Brownian Motion. Now 
consider another number 6' satisfying < S < S' < 1/2, introduce 77' := log(l— 5')— log5' < 77 
as above, and define the stopping time Ti := mi{t > | Y{t) ^ {—v':V') } > 0. For any 
given a e (0, 1/2) , let 



where g(-) is a function on {—r),r)) with such singularities at —77 (infinite push-up) and 77 
(infinite pull-down) as to keep the process ¥{■) inside these bounds; for instance, one can 
use log-pole type singularities as in Theorem 6.1. Thus the market of (12.1) is diverse. 

Clearly T(t) = on [0, Ti], and the Law of the Iterated Logarithm implies lim^j^o W{t) /r{t) — 



0, so Y{t) = r{t)-W{t) = T{t)-[l-{W{t)/T{t))] strictly dominates r(t)/2near t = 0. This 
means that, if we consider T2 := inf{ t > | Y{t) = T{t)/2 }, then T2 > and Y{t) > r(t)/2 
on [0,r2], i.e., Y{t) > and X2{t) > Xi{t) hold on (0,r2]. Finally, we define the portfolio 



which invests everything on the second stock until time T2 , then switches to the market 
portfoUo. In the interval [0,T2] we have Z^{t) — Z^[t) = X2{t) — Xi{t): this is because 
we start with X^{0) = ^2(0) = 1, so that Z'^(O) = Z'^(O) = 2 and Z'^(t) = 2X2{t) , 



logXi(i) = Wi{t) , logX2(i) = r{t) + W2{t) 



(12.1) 




At): 



(0,1)', t<T2 
Kt), t > T2 
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= Xi{t) + X2{t) hold on [0,T2]. After time T2 the two portfohos have the exact 
same performance. We just saw that X2{t) > Xi{t) for all t G (0, T2], so this will imply 
Z'^{t) > Z>'{t) for all t > 0, as claimed. 

Of course, in order to create this possibility we had to use a rate of growth 7(-) such 
that ||7(-)IP (^s well as is not locally integrable: near zero, we have 

||7(-)|p ~ ct^'^ with (3 > 1. As a result, no "local martingale density" process L(-) as in 
(9.5) can be constructed for the model of (12.1). It is easy to see that the existence of such 
a process L(-) proscribes this kind of instantaneous relative arbitrage. 

12.1 Remark: This example is reminiscent of similar ones in Levental & Skorohod (1995). 
These authors also show the following result (Corollary 2 on p. 909): Suppose that one 
insists on the square-integrability condition (2.2) and assumes that m = n, that a{-) is 
invertible, and that the filtration F is generated by the driving Brownian Motion W{-). 
Then there exists a trading strategy '^{■) with P[Z^'^{T) > 0] = 1 , P[Z°'^(T) > 0] > 
and P[Z°''^(t) > g^,T,VO < t < T] = 1 for some T e (0, 00) and G M ("arbitrage 
with tame trading strategies"), if and only if there does not exist on J^{T) any probability 
measure equivalent to P under which the process W{t), < t < T of (9.2) becomes 
Brownian Motion. 

As we saw in Remark 9.1, such a measure indeed fails to exist if the market M. is weakly 
diverse on [0, T]. In other words, a market with (2.2), m — n, Brownian filtration and a{-) 
invertible, contains "arbitrage with tame trading strategies" over any finite horizon [0, T] on 
which it is weakly diverse. 
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